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Abstract. The problem of image signal processing in the information system with adaptive antenna array
based on the inversion of sample estimates of correlation matrix of observations is considered. The example
of the maximum signal-to-noise ratio criterion shows the problem, inherent in classical methods of finding the
optimal weight vector under a priori uncertainty conditions when detecting correlated image signals. It has
been concluded that the dependence of these methods on the inverse of estimation of the correlation matrix
of observations leads to the impossibility of separating correlated image signals. As a consequence, the use
of classical methods of finding the optimal weight vector in the information system with adaptive antenna array
is effective only in the case of image restoration from a single signal source, with the signal received on the
set of independent jamming background. A novel method, invariant to the correlation of image signals, has
been developed for finding the optimal weight vector without the usage of correlation matrix of observations.
An image restoration algorithm invariant to correlation of image signals in the information system with adaptive
antenna array is proposed. Statistical models have been constructed for the classical method based on the
criterion of maximum signal-to-noise ratio and invariant to correlation method of image restoration in following
cases: a single source against the jamming background of two independent sources; two independent sources
against the jamming background. Simulation results in the information system with adaptive antenna array
are presented, showing to visually assess efficiency of proposed methods of image signal restoration using
optimal weight vector. Detailed analysis of the results obtained is carried out.

Key words: information system, adaptive array antenna, correlation matrix estimate, weight

vector, phase shifts, spatial spectrum, focusing, correlation of image signals, invariance

AHoTauifa. Po3rngaHyta 3agaya obpobku curHaniB 300pakeHb B iHpOpMaUifHiA cucTemi 3 aganTUBHO
aHTEeHHOK peLliTKO Ha niactaBi iHBepcii BMOIPKOBUX OLIHOK KOPEnsiLiHOI MaTpuui crnocTtepexeHb. Ha
npuknagi KpUTepito MakCUMarnbHOro BiHOLEHHS curHan/WwyM nokasaHa npobrema, nputaMmaHHa KnacuyHUMm
MeToAaM 3HaXOKEHHSI ONTMMaribHOro BaroBOro BEKTOPY B YMOBaXx anpiopHOi HEBU3HAYEHOCTI NPU BUABMEHHI
KOpenboBaHUX curHanis 306pakeHb. 3po6reHO BUCHOBOK, LLO 3aNeXHICTb LMX MEeToAiB Bif iHBEPCil OLIHKK
KopensAuinHoi MaTpuui cnocTepexeHb NPUBOAUTbL 00 HEMOXIMBOCTI BiJOKPEMITEHHSI KOPENbOBaHUX MiX
coboto curHanie 306paxeHb. SK HACNIQOK, 3aCTOCYBaHHS KIAcUYHUX METOAIB 3HAXOMKEHHS1 ONTUManbHOro
BaroBoro BeKTopa B iHpopMaLinHin cucTemMi 3 adanTUBHOK aHTEHHOIO PELLiTKO edDeKTUBHO NuLLie Y BUNaaky
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BiJHOBNEHHS 300paXkeHHs! Bif OQHOMO [Kepena curHany, Wo npuiMaeTbcsa Ha OOHI CyKyMHOCTI He3anexHux
LWyMOBUX nepeLukod. Po3pobneHo MeTo 3HaXOomKEHHS ONTUMarnbHOro BaroBoro Bektopa 6e3 BUKOPUCTaHHS
KopensiuinHoi MaTpuuli cnocTepexeHb Ta, KK HacnifgoK, iHBapiaHTHUI OO0 Kopensuii curHanis 300paxeHb.
CvHTE30BaHO anropuMTM iHBapiaHTHOro [0 Kopensuii curHanie 300paXeHb MeToda iX BiLHOBMEHHS B
iHbopMaLiiHin cucTeMi 3 aganTUBHOK aHTEeHHoK peuiTkol. [lobyaoBaHi cTtaTuCTUuHI Mogeni Ang
KNacun4yHOro Metoa, 3aCHOBaHOro Ha KpUTepPil MakCMMarbHOrMo BiHOLLEHHS CUrHan/Wwym Ta iHBapiaHTHOro 40
Kopensidii curHanie 306pakeHb MeToAa Yy BUMNaaKy BigHOBMEHHSA 300paXeHHs Big oOHOro mxepena Ha (poHi
30BHILLHIX MEepeLlKoa Bif OBOX He3anexHuX MKepen Ta BiOHOBMEHHS 300paxeHb Big ABOX He3anexHux
mKkepen Ha poHi 30BHIWHBLOI Nepelkoan. [NpointocTpoBaHi pe3ynbTaT MOAENBAHHA B iHpOpMaLinHin
cuUcTeMi 3 afanTUBHOK aHTEHHOK PELUITKO, SKi A03BOMSA0TL BidyarbHO OUHUTU €(DEeKTUBHICTb PO3rNsSHYTUX
MEeTOAiB BiJHOBIIEHHS CUrHaniB 306paxkeHb 3a JOMOMOrol ONTMMAaribHOrO BarOBOro BEKTOPA, Ta NpoBeAEeHO
aHania oTpuMaHux pesynbTarTiB.

KniouoBi cnoBa: iH(popmauiiHa cucTema, aganTMBHa aHTEHHa peLliTka, OuiHKa KopensauinHol
MaTpuui, BaroBui BEeKTOp, (asoBi 3CyBM, MPOCTOPOBUN CREKTP, (POKYCYBaHHSA, KOPEnsuis curHanis

300pakeHb, iHBapiaHTHICTb.

AHHOTauua. PaccmoTtpeHa 3agada obpaboTku curHanoB usobpaxeHun B MHAPOPMALMOHHOW CUCTEME C
afjanTUBHOW aHTEHHOMW peLleTKOW Ha OCHOBE MHBEPCUMU BbIBOPOYHBLIX OLEHOK KOPPENAUMOHHOW MaTpuubl
HabnogeHun. Ha npumepe KpuTepus MakCMMarnbHOro OTHOLLEHWS CUrHan/wym nokasaHa npobnema,
CBOWCTBEHHAs KITaCCUYECKUM MeToOaM HaxOXAEHWs OMNTUManbHOTO BECOBOrO BEKTOpa B YCMOBUSX
anpvopHON HeonpeaeneHHOCTU Mpu OBHapy>XeHWW KOpPPEenupOBaHHbLIX CUrHamnoB usobpaxeHun. CoenaH
BblBOZA, YTO 3aBMCMMOCTb 3TMX METOAOB OT WMHBEPCUMM OLIEHKW KOPPENsSUMOHHOW MaTpuubl HabnwogeHun
NPVMBOAMT K HEBO3MOXHOCTU pa3feneHunsi KOPpPervMpoBaHHbIX Mexay cobon curHanoB msobpaxeHun. Kak
crnefctBue, MNPUMEHEHWE KINACCUYECKUX METOAOB HaxXOXOEHWs ONTMMAanbHOrO BECOBOrO BeKTOpa B
WH(OPMALIMOHHON CUCTEME C afanTUBHOW aHTEeHHOW pelleTkon 3PMEeKTMBHO nub B Cny4yae
BOCCTa@HOBIEHUS1 M300pakeHMs OT OfHOr0 WCTOYHWKA CWUrHana, KOTOpbI MpuHMMaeTcss Ha doHe
COBOKYMHOCTU HE3aBMUCMMbIX LUYMOBbIX Nomex. PaspaboTaH meToq HaxoxAeHus onTMManbHOro BECOBOro
BekTopa 6e3 Ucnonb3oBaHWsA KOPPENSLMOHHON MaTpulbl HabnioaeHWi 1, Kak crneacTBue, UHBAPUAHTHBIA K
KoppensumMm curHanos usobpaxeHun. CUHTE3UpOBaH anroputM MHBApUaHTHOrO K KoppensiuMuM CurHamnos
n3obpaxeHun MeToaa NX BOCCTAHOBMEHUS B MHOOPMaLMOHHON CUCTEME C afanTUBHON aHTEHHOWN PELLETKON.
lMocTpoeHbl cTaTUCTMYEeCKue Mogenu Ans KNnaccnuyeckoro Metoaa, OCHOBaHHOMO Ha KpUTEPUM MaKCUMarbHOMo
OTHOLUEHMSA CUrHan/lym W WMHBAPUMaHTHOIO K KOPPensuuM curHamnoB u3obpakeHw meToda B criyyae
BOCCTa@HOBIEHUSI M300paXeHs OT OQHOr0 MCTOYHMKA Ha (POHE BHELUHWX NMOMEX OT ABYX He3aBWCUMbIX
WCTOYHMKOB U BOCCTaAHOBIEHNS N306paXXeHUn OT ABYX HE3aBUCUMbIX MICTOYHUKOB Ha (DOHE BHELLIHEN MOMEXM.
MpounnocTpmpoBaHbl pe3ynbTaTbl MOAENUPOBaHNS B MHPOPMAaLMOHHON CUCTEME C afanTMBHOW aHTEHHON
pEeLLETKOW, NMO3BOMSOLNE BU3yallbHO OLEHUTb 3EKTUBHOCTE PaCCMOTPEHHBIX METOAOB BOCCTAHOBEHUS
CUTHanoB M300paXXeHUN C NMOMOLLbID ONTMMANIbHOTO BECOBOIO BEKTOPA, M NPOBEAEH aHanv3 MOMyYeHHbIX
pe3ynbLTaToB.

KnioueBble cnoBa: wHdOpMaLMOHHas cucTema, afanTMBHAd aHTeHHasd pelleTka, oOueHka
KOppensiuMoHHON MaTpuua, BECOBON BeKTop, (pa3oBble COABWIMM, NMPOCTPAHCTBEHHLIN CNekTp, (OKyCMpPOBKa,

Koppenauna curHanoB |/|306pa>|<eHM|?1, MHBAPUaAHTHOCTb.

Introducing

Signal reception by multi-element antenna arrays is one of the main methods of solving
signal detection problems and evaluation of parameters of received signals. At the same time, a space-
time signal processing in information systems with adaptive antenna arrays can be considered as a
task of optimal multichannel filtering, the main purpose of which is to improve reception or detection
of the signal against a background noise. Since the statistical characteristics of signals and noises are
not known in advance, this task belongs to a class of statistical tasks with a priori uncertainty. All
algorithms for solving such problems are based on the construction of the maximum likelihood
estimate of space-time samples correlation matrix of the process at the antenna array input. This
estimate defines the main statistical characteristics of the observed process and displays the
interference situation in the information system [1].
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Images from several independent sources are generally somewhat correlated. As a result, the
signals corresponding to these images, with the same modulation function and no code separation,
retain cross-correlation. Therefore, their correlation matrix is different from diagonal, which leads to
the problem of dividing the set of images. In this case, classical image restoration methods prove
ineffective, and the problem of developing and synthesizing the image restoration algorithm, invariant
to the degree of signals correlation, becomes urgent. Therefore, the application of invariant methods
becomes a promising approach to image restoration in the situation described above. The essence of
invariant methods lies in a finding of an unambiguous linear operator, which transforms the observed
process without changing its components of sufficient statistics [2].

The aim of this work is to develop and synthesize the image restoration method invariant
to the signals correlation in the information system with adaptive antenna array.

1. Mathematical model of signal processing in information system with adaptive
antenna array
Let us consider the N-element adaptive array with the spacing d between its elements. By
Sy (t) we denote the signal, corresponding to the rectangular raster L., (X,y) of some image.

Jamming ny (t) is a stationary Gaussian ergodic process. Directions of signal reception &,, and
jamming 6, don’t coincide with each other. If the antenna array elements are identical, the output

signals of each element differ only by phase shifts relative to the signal at the first element output [3].
Then, the column vector of the signal and the jamming, respectively, at the N-dimensional antenna
array input can be represented as

Smt) =s,(1)-Vv(Ey) and Ny (t) = ni (t) - v(6y),
where V (6,) and Vv (6,) are the column vectors of amplitude-phase distribution of the signal
Sm (1) and jamming N (t) by N-dimensional array opening

-] (n—l)'(/7(9m)}_ -] (n—1)-¢(9k)}_

v(,) ={e v(6,) ={e n=1N.
Here ¢ (6,,) and ¢ (6,,) are phase shifts resulting from the diversity of the antenna phase

centers by a distance d and equal to @ for an arbitrary argument ¢ (8) = 272'%5"']9, where A is the

length of electromagnetic wave.
Then, in general, with M-sources of useful information s,,,(t);m=1,M and K-sources of

jamming N (t);k =M +1, M + K, the input vector process at the antenna array can be
represented as the sum of

M M+ K
y(®) =D sm®+ D N +no(), (1)
m=1 k=M +1

where ng(t) ={n,1()}:n =1,N is the column vector of internal noises of the reception channels

antenna array. The expression (1) is a mathematical model of a narrowband signal generated at the
antenna array input in a space-time sense.

Further, regardless of selected spectral methods and efficiency criteria [1,4], a correlation
matrix R of observation vector (1) is used to solve optimization problems. In practice, even in the
absence of jamming, the internal element noises are always present in the antenna array, so the
correlation matrix R is positive-definite, except the rare cases of linearly-dependent signals s, (t)

[5]. The correlation matrix R of the observation vector is the sum of the three types of correlation
matrices
R=R;+R;+Ry,

where Rg, R and R, are the correlation matrices of signals, jammings and noises, respectively.

66



OU®POBI TEXHOJOTII, N 28, 2020

In the case of narrowband signals these matrices have the form [1]

M M
Rs = M|:Zsm (t)- ZSH (t):| = VP VSH ;
m=1 m=1
M+K M+K

k=M +1 k=M +1
Ry=M[n®)-n"®]= R-1;

where M[ -] denotes the static averaging operator; [-]H denotes the sign of the Hermitian conjugate;
P, is the thermal noise power of the antenna array receiving channels; | is the N-order unit matrix.

Rectangular matrices Vs and Vj with dimensions NxM and N x K , respectively, unites
M and K column vectors v(6,,);m=1M and V(6 );k=M+LM +K

Ve=(v(@) V(@) ... v(Bw)),
)

Vi=(v(uu) VOus2) - VOuix)):
Due to absence of correlation between jammings N (t);k =M +1 M + K, sources of
which are spaced in space, matrix P; has the diagonal form [6]

UZ(nM_H_) 0
P; = 1 :
O O'2(nM+K)
The M-order matrix Pg is not diagonal and is
M[s? (t)];i= ] o
PS ={F)|J}= [I ] . . ; |’J=1'M
M[s; (1) s ()51 # |

In addition, since images coming from different sources are usually correlated with each other,
this results in an approximate relationship between its columns and, as a result, in ill-conditionality
of the matrix P [6]. These properties of the matrix Py determine the feature of adaptive image

signals processing, received from several sources against the jammings background.
The vector process y(t) formed by the antenna array elements undergoes linear processing in

the form
wH (1)-y() =u (), ©)
where w (t) is the parametric vector of complex weight coefficients; u (t) is the output scalar signal

at the information system with adaptive antenna array.
Considering (1), the signal processing (3) can be written as

%‘,v“(em)-wm(t)-sm(m va“<9k>-wk(t>-nk(t)+w“(t)-n(t)=u<t>.
m=1 k=M+1

Similar to (2), denoting by W and W ; some rectangular matrices of dimensions N x M and

N x K, respectively
W =(wi () wy() ... wy 1); Wj=(WM+1(t) Wyao 0 o Wik @),

we introduce block matrices V('KMK)X,\, and Wy, (v +k) Of the form
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VH
V(l_l\|/I+K)xN=|: y } WNx(M+K)=[WS Wj]-
j

Then, the input signals processing in the i-th information channel of the antenna array can be
written as

wi"y=ui; i=LM+K, (4)
where w; is the i-th column of the weight vector matrix Wy, .k); Ui is the output signal at the

i-th information channel, respectively.
2. Determination of the optimal weight vector using maximum signal-to-noise ratio
criterion

Efficiency criteria such as mean-square error, signal-to-noise ratio, maximum likelihood,
noise dispersion are used to find the optimal vector of weight coefficients. But since all of them differ
only by a scalar multiplier, which provides the same output signal-to-noise ratio of the information
system, the selection of a specific efficiency criterion is usually not of great importance [1].

If the adaptive antenna array receives signals from (M + K) independent sources, then the

optimal, based on the criterion of the maximum signal-to-noise ratio, parametric weight vector of the
I-th information channel can be written as

R_l'Vi
viH -R‘l-vi
where v; is the i-th column of the phase shift matrix Vy, k) -

w; = ; 1=1LM+K, 5)

In practice, signal reception directions &;;i =1, M + K are generally unknown. Therefore,

methods of spatial spectral analysis such as Bartlett, Capon, thermal noise, adaptive angular
characteristic (AAR), linear prediction, maximum entropy, minimum norm, multi-signal
classification (MUSIC), eigenvector (EV) [6.7] are used to determine estimates of required focusing

directions éi;i =1, M + K of antenna array.

Furthermore, since the exact correlation matrix R is known only in model studies, the
maximum likelihood estimate R(L) obtained from the vector process sample (1) and dependent on
its size L is used instead

RIL=T Dy ()y" ().

Considering that, the parametric weight vector of the i-th information channel (5) takes on
form

_ ﬁ‘l.vi (é) .

L V0)Rv(6)

where R is the inverse correlation matrix of the observations estimate. Then, according to (4) and
(6), the output signal at the i-th antenna array channel can be represented as

i=LM +K, (6)

u =w"-y=K(@)-vi'(6)-R™y; i=LM+K, )
where the scalar K (@) is equal
1
ViH (éi)'F}_l'Vi(éi) .
The generalized structure of the multi-channel processor implementing signal processing
according to algorithm (7) is shown in Fig. 1. Here u;; i =1 M are the signals, corresponding to

K(éi):

image estimates I;(x, y); U;;i=M+1, M +K are the signals, corresponding to jammings n; (t) .
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Spectrum analyzer
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Fig. 1. The structure of N-dimensional adaptive antenna array processor, implementing the (M+K)
signal processing in accordance with the algorithm (7)

It is obvious, that the efficiency of the signal processing algorithm (7) depends directly on the
accuracy of the obtained focus directions estimates 63, ;i =1, M + K of the antenna array on the
signal sources, which influence the statistical characteristics of the signals and displayed in the
correlation matrix of observations.

3. The invariant to signal correlation method of the optimal weight vector
determination

In order for the result of the processing u (t) to be invariant with respect to the phase shifts

of the signals s.,(t);m =21, M and jammings n, (t);k =M +1, M + K at a given time t [8]

and, as a consequence, the correlation of the signals, the fulfillment of the following condition is
necessary

V(|I_\|/I+K)xN “Wiixm+k) = I(M+K) (8)
where 1y .k is the unit matrix of (M+K)-order. In practice, the total number of signal and jamming

sources is considerably smaller than the number of reception channels of antenna array (M + K < N),
so the system (8) is overdetermined [9]. In this case, the system solution will be

WhixM+K) = VNx(M+K) * T(M+K)» )
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where V(v +k) is the generalized inverse matrix to the matrix V(F,\',HK))(N , equal to

VNx(M+K) = YNx(M+K) * [V(|_I\|/I +K)xN * VNx(M +|<)F- (10)
If the unit matrix 1,k is represented in the block form
vy =ler &2 o emsk],
where e;; i = 1, M + K is the single orts-columns, the solution of the system (8), taking into account
the formula (10), is

H O NN T
WNx(M+K):VNx(M+K)'[V(M+K)xN'VNx(M+K)T '[91 e .. eM+K]-

As a result, the parametric vector of the i-th information channel of the antenna array is equal
fo

1
wi=v-[vH-v}-ei; i=LM+K. (11)

According to (4) and (11), the signal at the output of the i-th antenna array channel can be
represented as

1
ui=eiT-[vH-vI VHLy; i=LM+K. (12)
where [-]T denotes the transposing operation.

Note that the operation [VH -VF -V in formula (12) is the same for all antenna array
channels.

The generalized structure of the signal processing algorithm (12) is shown in Fig. 2. Here
Uj; i =1 M are the signals, corresponding to image estimates I;(x, y); U;;i=M+1LM+K are the
signals, corresponding to jammings n; (t) .

> [VH-VF .
A

0 )

€

<
4
<
=
A

\ 4

|
X
lea
X

Spectrum analyzer
G (0)

\ 4

Wrr+K

Fig. 2. The structure of N-dimensional adaptive antenna array processor, implementing the (M+K)
signal processing in accordance with the algorithm (12)

Note, that unlike the algorithm (7), the signal processing with the algorithm (12) does not
require the calculation of inverse correlation matrix and depends only on obtained estimates of

antenna array focusing directions é, ;i =1, M + K on signal sources.
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4. Simulation of image restoration algorithms using the maximum signal-to-noise
ratio criterion and the invariant method of the weight vector determination

To analyze the quality of images restored by algorithms (7) and (12), we will build statistical
models for the following situations:

— image restoration from a single source against jamming from two independent sources;

— images restoration from two independent sources against jamming from a single source.

As the initial conditions, let us take the following: the dimension of the antenna array N = 15
with the distances between antenna phase centers d/A = 0,5; the radio sources act in directions

6 = —20°; O, = 0%; O3 = 15° relative to the normal of the array opening; the image signal power

exceeds the jamming level by 10 and 3 dB; the sample size is L=200.
The estimation of signals and jammings reception directions is determined by the method of

maximum entropy [7]
1
F11
GO = ﬁ ) (13)
" (0)-rat |
where r;f and ri;n=1N are the first element and the first column of the inverse correlation

matrix, respectively; c' () is the scan vector defined as

¢’ (6)={el("Dey n=1N,

where ¢(0) = 272'%5"'] 0.

Figure 3 shows the estimation of the spatial spectrum of radio emission power G(¢) during
30 tests.

G(6),05
80 .
60 ]

40 |

20

30 20 -10 0 10 20 6°

Fig.3 Spatial spectrum of radio emission power sources that act in directions
6 =-20%6,=0°6;,=15°.

The original images of 600x600 pixels are shown in Figure 4.
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b)
Fig. 4 Original images from independent sources a) Lj(X,y);b) Ly (X,Yy)

At first, we will consider the situation of image restoration from a single source against the
background noise from two independent jamming sources. The result of jamming influence on the
image is shown in Figure 5.

Fig. The jamming influence on the imag quality at the
jamming-to-noise ratio equal to 36 dB

The results of focusing in the directions of signal sources on the quality of output images of
the adaptive array information system obtained with algorithms (7) and (12) is shown in Figure 6.
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c)
Fig. 6 Result of image restoring by algorithm (7): a) I:1 (X, y): él = —200; b)

6, =0°;¢) O3 =15° and (12): d) L3 (x,y): 6 =—20°;¢) d, =0°;f) O3 =15"
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Analysis of the results shown in Figure 6 shows that sources of jammings act in the directions
6, =02 and @; =15°, and the source of the image signal is oriented in the direction 6, = —20°.

This direction corresponds to the image raster restored against the jammings background. The raster
of the restored image according to algorithms (7) and (12) are visually different in quality. Obviously,
that algorithm (7) requires a larger sample size to obtain the required quality of the reconstructed
image in view of the use of the samples correlation matrix inversion.

Let's now consider the situation of image restoration for the case of two independent sources
against the jamming background from a single source. The result of cross-correlation of images
L; (X, ¥); Lo (X, y) and the effect of jamming influence on them is illustrated in Figure 7.

Fig. 7 The influence of image cross-correlation and jamming at
28 dB jamming-to-noise ratio

The results of focusing in the signal directions obtained with algorithms (7) and (12) are shown
in Figure 8. The analysis of the simulation results presented in Figure 8 shows that the jamming

source acts in the direction 6; = 15° and the sources of image signals are oriented in the direction of
6, =0° and g, =-20°.
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Fig. 8 Result of image restoring by algorithm (7): a) I:l (xX,y): él = —200; b) I:2 (x,y):

él=o°;c) 673:150 and (12): d) ﬁl(x,y):él=—200;e) ﬁz(x,y):él=00;f)
63 =15Y

Obviously, due to the cross-correlation of images, the algorithm (7) is not effective compared

to the algorithm (12), so that the former is not able to separate the images.
Conclusions

Spatial spectral analysis is the main computational operation during the image signals
restoration using the information system with adaptive antenna array. The radio emission directions
estimation by structure of spatial spectrum of the received radio wave power is a necessary step for
optimal focusing on sources of electromagnetic radiation.

The adaptive algorithm (7) depends on estimation of correlation matrix of observations and
belongs to the class of optimal only in particular cases when there is no correlation between harmonics
of spatial spectrum of radio emissions power. This limits the efficiency of the algorithm (7) in the
case of the set of correlated image signals. As a consequence, the algorithm (7) can be applied only
in the case of image restoration from a single signal source, received against the set of independent
jamming background. The algorithm (12) is invariant to correlation of image signals and does not
require the inverse of sample estimates correlation matrix of observations. Therefore, the calculation
of the weight vectors with this algorithm does not change the statistical characteristics of the signals
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received. As a result, the algorithm (12) allows splitting the set of correlated image signals and is
more efficient than the algorithm (7) in all of the considered situations.
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